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1. (6%,6%,6%) Show that

‘)( ),4
(a) xdi(é (x)) =—0(x), [Hint: use integration by parts.] " ’
X

where f'(x) is assumed to have only
, simple zero, located at x = x,. X/ (a.0.0)

(0.2a,0) ¥

o(x—x;)

(b) o(f(x)= Z ‘df
(x;)

[Hint: 5(kx) = ﬁ&x)]

(¢) Check Stokes’ theorem for the function v = yz, using the triangular shown in the figure.

2. (4%, 4%, 4%, 4%) A metal sphere of radius R, carrying charge ¢, is surrounded by a thick
concentric metal shell (inner radius a, outer radius b). The shell carries no net charge.
(a) Find the surface charge density o at R, at a, and at b.
(b) Find the electric field at following two regions R<r<a and r>b.
(c) Find the potential at the center (7 =0 ), using the infinity as the reference point.
(d) If the outer shell is grounded, what is the potential of the inner sphere and what is the new
surface charge density at b, o(b)?

3. (4%, 4%, 8%) The potential of some configuration is given by the expression V(r)=Ade ™ / r,
where 4 and A are constants.
(a) Find the energy density (energy per unit volume).
(b) Find the charge density o(r).
(c) Find the total charge QO (do it two different ways) and verify the divergence theorem.




4. (4%, 6%, 6%) An infinite long rectangular metal pipe (sides a and b) is grounded, but one end, at

x=0, is maintained at a specific potential as indicated in the figure, V(y,z)=

Vysin(2zy/a)sin(3zz/b), where Vj is a constant. " oven
ite down the bound ditions. |
(a) Wr% e down the boundary COl’.l itions o ,
(b) Write down the general solutions. \'/ \
Viv, 2) —|s \
(c) Find the potential inside the pipe. ’ 7
5 Vel

5. (6%, 6%, 6%) Suppose the potential at the surface of a sphere is specified, V(R,,0)="V,sin’ 6,
where Ry is the radius of the sphere and ¥} is a constant. There is no charge inside or outside the
sphere.

(a) Show that the potential outside the sphere.

(b) Show that the electric field outside the sphere.

(c) Show that the potential inside the sphere.

[Hint: use Legendre polynomials, P,(x)=1, B(x)=x, and P,(x)=(3x" -1)/2.]

6. (4%, 6%, 6%) A point charge ¢ is situated at distance a from the center of a conducting sphere of
radius R. The sphere is maintained at the constant potential V.
(a) If V=0, find the position and value of the image charge.
(b) Find the electric field on the surface of the metal sphere.
(c) If V=V, find the potential outside the sphere.

[Hint: 1. use the notations shown below. 2. Assume ¢ lays on the z-axis]




1.(a)

[ f(x)xié(x)dxzj” F(0)xdS(x)

o dx —o
= f(x)x5(x)|°° ~[" 8(0d(f (@)
=—j (x + £)S(x)dx

% " F)odx

[ - 5(x)dx = - [ rmo@de = r- L5y =—5(x)
o dx oo dx
(b)

- xX;+e d
[ 8ot ends =3[ g0aC;
[t x = )

= [ gwacL =)

dx

X

o) = 5(f(x))=zf<x—xi>

dx|,

N g(x)cf(f(x))dxzzj

dx

Xi

(©)

v=yz, Vxv=X, J'S(va)-da:'[sﬁ'da:%ada:a2

(equals the area projected on the yz —plane)

mz

q.D v-dl= IPI dl+ P2 VZ- a’l+ vz -dl
xy—plane m yz plane

_0+0+j y(—ldy)———

2 j (Vxv)-da= Cﬁp v-dl

0

2. Use Gauss’s law

—-q
@ o= Tr. o@=_"1 and o)=L
(b) Use Gauss's law, we obtain E = p g > for both two regions, R<r <a and r 2 b.
TTE ¥

(© V() ==[E-dr. V(©0)=V(R) :—IbE-a’r—IRE-dr _—(— 1.1

o s a b R a
(d) V(r):—j’E-dr, V(R):—IRE-dr: 9 and o(b)=0

a a 4rg,




3.(a)

—Ar —Ar —Ar —Ar
E=—VV:—A§(6 )f'z—A{ Are e }f:A(ﬁ,r+l)e c
r

2 2

r . -
2 _2Ar
Energy density = %E _ _6; g G
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(b)

(Ar+De™
2

p=eV-E=g,AV- £) = g, d(Ar +1)e " (V-5) + 6, d— -V ((Ar+1)e ™)
r r

vV -iz) =475°(r) and (Ar+1)e 8 (r)=5°(r)
r

2

. f'ﬁ((lr +1)e ™) = izi (Ar+1)e ™) = —l—e’i’
or r- or r

P o
r—ZV((/’iJ"'Fl)e A ):r—z

/12
p=¢g,A {47[53 (r)— —e"“}
r

(c)
12 © 12
Q= pdr = [ &, A[475° (r) - "¢ dr = 4ng, A[1+ [ =" rdr]
% % r r=0 r
N 2’2 —Ar_2 N —Ar 92 T —Ar T -Xx
J‘—e ra’rzje ﬂrdr:—J-/irde :—dee =1 = szpdrzO
r=0 r r=0 r=0 x=0 v

Use Gauss's law, the charge enclosed in a sphere of radius R
O = ngOE -da=4ng,A(AR+1)e* =  The total charge Q, ,, =471g,A(AR+1)e " ‘R ~0

N

4. (a)

(1) ¥V =0 wheny =0,

(i1)) V=0 wheny =a,

(iii) ¥ =0 when z =0,

(iv) V=0 when z=b.

(v) V =V,sin(2rry/a)sin(3 7z/b) when x = 0,
(vi) V=0 when x =0

(b)

1 &*’X 10*Y 10°Z
Vix,v,z2)=X(x)Y(»)Z = — +— +— =0
(x.7,2) DY (1)2() X o Yo Zoy

10%Y ) .
?yz_k =  Y(y)=Asinky+ Bcosky
2
%gfz_gz = Z(z)=Csinfz+ Dcos/z
z
2 [
% %)z(zszrﬁz = X(x):EeWx+Fe7 et
X

V(x,y,2) = (Asin ky + B cos ky)(Csin £z + D cos (z)(Ee' " + Fe ¥ +r)
()




B.C.() = B=0
.. . ni
B.C.(i1)) = sinka=0, k=— n=1,2,3,...
a
B.C.(iii) = D=0
B.C.(iv) = sin(h=0, ¢ =’”7” m=1,2,3,...
B.C.(vi) = E=0
B.C.(v) = V(x,y,2)= Y ACEe V" sin(*2 y) sin(%z)
n,m a

V(O’ Y Z) = z Cnm Sln(%y) Sin(% Z) = Vo Sin(27ﬂ. y) Sin(% Z)

4V, 2r . nmw b . 3w . mxw
C.. EU sm(; ¥) sm(; y)dy} [ IO sm(7 z) sm(T z)dz}
Cy=V,, C,=0whenn=#2andm=3
22 32

=7 [(= += )x
V(ix,y)=V,e b sin(2—7Z ») sin(%r z)
a

5. (a)
() V(R,,0)=V,sin* 0

Boundary condition { (i) lim V(r,0)=0

General solution V(r,0)= Z (A" +Br"")P (cos )
=0

B.C. (ii) —4,=0
B.C. (i) - B,R;' + B,R;” cos @+ B,R;*(3cos’ 8 —1) =V, (1-cos’ )
BR,' =1 B,R =V, (B, =2RV,

3B,R) =V, =1B,=0
B, =0 Bzz_%RgVo
V(r,t9)—2R—V 28, VOP(cosé’)
3r 37’
(b)
V(r,@)—zR—V RVO(3COS 0-1)
3r
3
vy =V 1OV | 2RV, RV cos” 0 -1) gl —R°I3/° (~6¢cos@sin ) |0
or r 06 3r? r
3
E= 2R, ROV —00(3cos* O l)} {R';i/o(sin%’)}ﬁ
3r? rt r
(c)




G [0 V(R0 =Vsin® 0
oundary condition (i) lirrol V(0,0)=0

General solution V' (r,0) = z (A7 +B,r""“")P (cos )
=0

B.C.(ii)) > B, =0

B.C. (i) > 4, + AR, cos @+ AR, (3cos’ 0—1)=V,(1-cos’ 0)
Ao_%AzRg =V 4,=3V
AR =T, =140
4=0 A4, =-2RV,

2 2
S V(r,0)= %— 3? r*P,(cos )

2
0

6.(a)

Assume the image charge ¢’ is placed at a distance b from the center of the sphere.
It is equipotential on the surface of a grounded sphere.
Using two boundary conditions at £, and P,

AR L (4 4 g
4re, R-b a—R

two equations and two unknowns (¢ and b)

JNY T S
4re, R+b a+R

2
b=— position), ¢'= —Eq(value of the image charge)
a a

(b)

Viry=— { q q } where {|rbi|=\/(r2 sin® 0+ (rcos O —b)* = /(> +2brcos O—b?)

4, z |r—ai|:\/(r2 sin® @+ (rcos@—a)’ :\/(r2+2arc059—a2)’

|r—bi| |r—az

On the surface of the metal sphere, only radial component survives E=-VV(r)= —a—Vf‘

-1 0 q q .
= — + y
47, Or \/(1’2 —2brcos@+b%) \/(r2 —2arcos@+a’)

1{ q'(r—bcosd) q(r—acosd) }?
3/2

- dre, | (r* —2brcos@+b°)"?  (r* —2arcosf+a’)
(©)

The potential outside the sphere when V=0

! 2
Vir)= 1 9 —+ 9 — ,whereb:R— andq’:_ﬁq
dre, |r - bz| |r —az a a

The potential outside the sphere when V=V
V(r)= 1 {47IEORVO+ ¢ . 4 }

4rs, r |r—bi| |r—ai|




